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Abstract.
A persistent theme in the study of dark energy is the question of whether it really
exists or not. It is often claimed that we are mis-calculating the cosmological model
by neglecting the effects associated with averaging over large-scale structures. In the
Newtonian approximation this is clear: there is no effect. Within the full relativistic
picture this remains an important open question, owing to the complex mathematics
involved. We study this issue using numerical N-body simulations which account for all
relevant relativistic effects without any problems from shell crossing. In this context we
show for the first time that the backreaction from structure can differ by many orders
of magnitude depending upon the slicing of spacetime one chooses to average over.
In the worst case, where smoothing is carried out in synchronous spatial surfaces,
the corrections can reach ten percent and more. However, when smoothing on the
constant time hypersurface of the Newtonian gauge, backreaction contributions remain
3-5 orders of magnitude smaller.
PACS numbers: 98.80.-k, 95.36.+x, 98.80.Es
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1. Introduction
The expansion of the Universe is accelerating. This surprising finding has led to the
Nobel Prize in 2011 [1, 2, 3] and has been confirmed with many other data since,
e.g. [4, 5, 6, 7]. Within general relativistic Friedmann-Lemaître-Robertson-Walker
(FLRW) cosmology, the simplest solution points to a cosmological constant, which
now underpins the Λ-cold-dark-matter (LCDM) model. Even though a cosmological
constant provides an excellent fit to the data (see e.g., [7, 8, 9]), it requires an extremely
fine tuned non-vanishing vacuum energy, which remains unexplained. Other models
include modifications to general relativity on large scales, or dynamical scalar fields,
see [10, 11, 12, 13] for a review. All models tend to require fine tuning to explain
why acceleration is beginning now, when we happen to observe it, this is called the
coincidence problem.
A different idea arises from the question whether the structures present in the
Universe might affect measurements in such a way that we infer accelerated expansion
once we interpret these measurements within the framework of an FLRW model. A
particularly attractive feature of this concept is that it would solve the coincidence
problem, explaining why acceleration begins roughly at the same time that non-linear
structures form. Furthermore, even if backreaction does not produce a fully-fledged
dark energy model, perhaps it can alter quantities such as the spatial curvature by a
significant amount. It is a matter of some importance to quantify these effects in more
detail as they may bias parameter inferences from observations.
Whether the backreaction idea works remains a subject of considerable debate –
see [14, 15, 16, 17, 18] for reviews and [19] for a survey of cosmologists’ opinions. Within
the standard Newtonian approximation, the answer is ‘no’, unless peculiar boundary
conditions are imposed [20, 21] (see [22, 23] for a recent revival). In this paper we do
not study the related problem of fitting observables with an inhomogeneous background,
or with average light propagation in an inhomogeneous model, but we will comment on
it in our conclusions.
Within the framework of general relativity (GR) the question of backreaction is
considerably more subtle than in Newtonian gravity, and the debate, in some circles, is
intense [24, 25]. In essence the problem arises because any average relies on knowing the
fully non-linear spacetime geometry so we cannot a priori define quantities like a mean
energy density; the Einstein equations are non-linear; and, averages of tensors are not
well defined. Many ideas have been proposed, with conclusions drawn depending on the
approach taken [17]. Analyses based on standard perturbation theory typically give a
small – sub-percent – correction to the background [26, 27]. It does depend precisely
on the quantity being averaged – certain quantities are divergent, see for example [28],
while many average quantities depend on the choice of hypersurface [29, 27, 30, 31, 32].
Another significant complication – which we address here – is that perturbative
approaches rely on a fluid approximation which breaks down when shell crossing
happens, rendering conclusions tentative. Alternative approaches typically use highly
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simplified exact solutions to determine the feasibility of backreaction as an effective dark
energy [33, 34, 35, 36]. Both approaches have their drawbacks (quasi-Newtonian versus
over-simplified) and it is difficult to draw definitive conclusions.
A new approach is now available with the advent of cosmological N-body
simulations which incorporate all relevant general relativistic effects [37, 38, 39]. This
allows us to approach these questions from another point of view. We argue that the
question is not whether there are time-slicings (observers) for which there is significant
backreaction but whether there are slicings such that backreaction is small or even
vanishes. In particular, one important criticism of some approaches that argue for a
large backreaction effect is that the averages are performed on hypersurfaces orthogonal
to observers comoving with the matter flow [29, 32], which also is a natural slicing
for many recent studies based on numerical relativity, e.g. [40, 41, 42, 43]. But other
slicings, such as the harmonic slicing, have also been used, see e.g. [44]. In fact, after our
work was completed, [45] conducted a similar study using a slicing that is quite close
to the one of Poisson gauge, finding good agreement with our results. Apart from the
slicing issue the main difference between the numerical approaches concerns the matter
model. In the numerical relativity community the matter is modelled as a perfect fluid
which limits these studies to either very large scales or special situations. Our relativistic
simulations employ the N-body method that can handle the problem of shell-crossing
and gives us access to a much larger dynamical range in the non-linear regime. While
being fully relativistic, our framework breaks down in the regime of strong gravity, e.g.
close to black holes. This regime is never probed in cosmological simulations. Thanks
to the focus on the cosmologically relevant situation of weak gravitational fields we are
also able to use simulation grids of size 20483 and more, much larger that what could
so far be achieved with other cosmological full-GR simulations.
For the purpose this work we say that a universe is called a FLRW universe with
small perturbations if there exist coordinates such that the metric fluctuations, averaged
over sufficiently large scales of order 1Mpc are small. Intuitively, the reason that we can
average over such a scale even if inside there may be black holes is the following: At a
distance r ' 1Mpc, the potential of a 1013M object is of the order of RS/r ' 10−6  1
(this is the monopole part of the potential, and we know that the potential of the higher
multipoles generically decays even faster, like r−(1+`) and hence is even less relevant).
At the scale of 1Mpc it should therefore no longer make a difference whether the field
was generated by a compact, strong-field source or by a somewhat more extended source
that generates only weak gravitational fields everywhere inside the domain. In addition,
we note that the strong equivalence principle guarantees that a galaxy that contains
some black holes falls in the same way as a galaxy that contains only stars.
In this paper we show that backreaction is small in the sense that there exists a
time slicing such that it is small. We identify this as the time slicing of Poisson gauge
(also called Newtonian or longitudinal gauge in the context of scalar perturbations). We
also show that in another slicing which is often used, namely geodesic slicing which is
related to comoving gauge, backreaction can become large.
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In the remainder of this paper we first discuss backreaction within a perturbative
approach in Section 2. Even though this is of course not sufficient, it gives us
important indications on the slicings within which backreaction becomes strong. In
Section 3 we then show numerical results from the fully relativistic weak field N-body
code gevolution [38, 39]. Finally we discuss our results and conclude.
2. Quantifying backreaction
Even though the goal of this paper is a numerical study of backreaction, let us first
discuss backreaction with a perturbative approach to gain some analytical insight.
Backreaction is typically quantified by averaging various scalars and comparing them to
their analogs in a perfectly smooth spacetime – usually an FLRW model with similar
matter content. In the case of perturbation theory but also for numerical simulations
that start from appropriate initial data there is a well defined background to compare
to. Here we consider the expansion rate for different families of observers. We consider
observers, with 4-velocity uµ, in comoving gauge in which the equal-time hypersurfaces
coincide with the matter rest frame. We also consider another frame, nµ, which is the
normal to the equal time hypersurfaces in Poisson gauge.
Including only scalar, linear perturbations the metric in a generic gauge is [46]
ds2 = gµνdx
µdxν = a2(τ)
[
− (1 + 2A) dτ 2 − 2B,idxidτ
+ (1 + 2HL) δijdx
idxj + 2(HT ,ij −
1
3
δij∆HT )dx
idxj
]
, (1)
where a is a background scale factor, τ is conformal time, and xi are comoving Cartesian
coordinates. To first order in perturbation theory the expansion rate normal to the
{τ = const.} hypersurfaces is [47]
θ = 3H
(
1− A+H−1H ′L −
1
3
H−1∆B
)
, (2)
which of course only depends on the temporal gauge choice and not on the spatial
one. Here H and H are the physical and conformal Hubble parameter, H = a′/a2 and
H = a′/a. A prime denotes a derivative with respect to conformal time τ . From this
expression one immediately infers that choosing a temporal gauge (or more precisely, the
corresponding time slicing) where A−H−1H ′L + 13H−1∆B = 0 there is no backreaction
at first order in perturbation theory.
We now consider the time slicing given by Poisson gauge, in which B = HT = 0,
and A = Ψ and −HL = Φ are the usual Bardeen potentials. The expansion rate in this
case reduces to
θ(P ) = 3H
(
1−Ψ−H−1Φ′) . (3)
Introducing χ = Φ − Ψ we find that a correction to the background expansion rate in
any sub-box of our simulation is given by (see also section 5.3 of [39])
H˜ = H
(
1− 2Φ¯ + χ¯− adΦ¯
da
)
. (4)
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Here the over-bar denotes an average over a sub-volume and we fix conformal time τ
for all boxes by the condition that for the full box χ¯ = 0, but not on sub-volumes. This
fixes the residual gauge-freedom of Poisson gauge [39]. The left-hand side is evaluated
at a perturbed scale factor a˜ = a(1 − Φ¯), so that we finally find a perturbation of H,
evaluated at the perturbed redshift z˜ = a˜−1 − 1, of(
∆H
H
)(P )
= −2Φ¯ + χ¯− a˜dΦ¯
da˜
+
a˜
H˜
dH˜
da˜
Φ¯ . (5)
This equation is correct in linear perturbation theory. However, when using N-body
simulations to compute Φ and χ, as will be done in the next section, the difference to
the fully non-perturbative result is of quadratic order in Φ and χ and hence the relative
change is not larger than 10−4. Therefore (5) is a good approximation to the full GR
result in Poisson gauge.
Another possible coordinate choice is comoving gauge where the equal time
hypersurfaces coincide with the matter rest frame. This is well defined as long as we
can neglect the fluid vorticity. For cold dark matter (CDM) perturbations the comoving
gauge is also synchronous so that A = 0 in this gauge. In linear perturbation theory we
can use the conservation equation to rewrite (2) as
θ(u) =
3H
a
(
1− adδ
da
)
(6)
for the longitudinal gauge density perturbation δ. We can define a corresponding
perturbation of the conformal Hubble parameter in CDM comoving gauge,(
∆H
H
)(u)
= H¯L − adδ¯
da
− a˜H˜
dH˜
da˜
H¯L . (7)
Again, this expression is correct in linear perturbation theory. Contrary to Eq. (5),
higher-order corrections to this equation could be of order δ2, which is large once
structure formation becomes non-linear. Therefore Eq. (7) is a bad approximation to
∆H/H in comoving gauge, while (5) should be very good.
Comparing expressions (5) and (7) we further notice that the first one remains
always small, of the order of the gravitational potentials. The second one however is
of the order of adδ/da ≈ δ which becomes of order unity and more at late times. This
quantity cannot be ‘compensated’ by the metric potentials in comoving gauge as within
linear perturbation theory and also in the Newtonian limit metric potentials are of the
order (H/k)2δ, hence much smaller than density perturbations on sub-horizon scales. In
a cosmological setting, this relation remains also valid in full GR on sub-horizon scales,
so that the fully non-linear metric potentials that define the Poisson gauge metric remain
small at all times. This makes the Poisson gauge so well suited for cosmological N-body
simulations.‡
‡ It is of course possible to define coordinate systems such that the metric deviates strongly from the
Friedmann one. But relativistic numerical simulations [38, 39] have shown that the converse is also
true. We can define coordinates in e.g. Poisson gauge, for which metric perturbations remain small
even when density fluctuations become large.
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The volumes of the the first case are the equal-time hypersurfaces of Poisson gauge,
describing a Newtonian frame, and the expansion rate θ(P ) describes their deformation.
The volumes in the second case are “attached” to the particles in the simulation and
follow their expansion and collapse§. In the first case there is in general a particle
flux across the boundaries of sub-volumes, in the second case there is no such flux
by definition. It is sometimes argued that the latter is more relevant for observations
since observers are typically embedded in matter. However, we would rather argue the
opposite by pointing out that observations are typically taken along null directions,
and the relation between volumes and their appearance on the past light cone is much
simpler in the former case – an observer indeed sees matter falling towards each other.
3. Numerical analysis
In this section we go beyond perturbation theory and investigate ∆H/H with numerical
simulations. For this purpose we use the relativistic N-body code gevolution [38, 39].
Even though also gevolution neglects certain terms that become important when gravity
becomes strong, for example near black holes, for cosmological applications and in the
gauge used by gevolution these higher-order terms of the weak-field expansion remain
a small and numerically irrelevant relative correction of the order of 10−4.
In practical terms, we extract the quantities given in Eq. (5) and the dominant
term of (7) from numerical simulations and compute ∆H/H. While, as discussed
in the previous section, expression (5) is an excellent approximation to the full non-
perturbative ∆H/H in the time slicing of Poisson gauge, a corresponding statement is
probably not true for (7).
We consider a full simulation volume, and divide it into sub-boxes to quantify
backreaction in each. We performed several simulations with comoving linear box
sizes of 2048 Mpc/h and 512 Mpc/h and a grid size of 20483. All simulations use
Ωmh
2 = 0.142412, As = 2.215 × 10−9 and ns = 0.9619. For the LCDM simulations we
set h = 0.67556 which implies ΩΛ = 0.6879, while for the Einstein – de Sitter (EdS)
simulations we use h = 0.3774306 so that Ωm = 1. The initial spectra are generated
with CLASS [48] at a redshift of z = 100, which is also the starting redshift for the
simulations.
In the Poisson gauge slicing, backreaction remains below 10−4 even in relatively
small sub-boxes of size 64 to 256 Mpc/h, see Fig. 2. It depends only weakly on the size
of the box and is redshift independent for an EdS universe. This agrees with the linear
perturbation theory expression (5) as the gravitational potentials remain constant. In
a LCDM universe the potentials decay at late time, and so does backreaction.
It is also intriguing that the backreaction in the smaller sub-box is somewhat
smaller. This might be linked to the slightly red primordial power spectrum of
§ In general this is no longer a well-defined prescription as soon as there is shell crossing. At this point
also vorticity develops and comoving gauge breaks down. In our simulations this breakdown is avoided
since we employ a coarse-graining to relatively large scales defined through our sub-volume averages.
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Figure 1. We show ∆H/H in the time slicing of Poisson gauge for two different box
sizes in an EdS universe and in a LCDM universe, averaging over the full simulation
box. Backreaction slows down the expansion, and even though the absolute value is
growing, it remains smaller than 10−6 at all times.
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Figure 2. We show the standard deviation of ∆H/H in the time slicing of Poisson
gauge for two different box sizes in an EdS universe and in a LCDM universe, averaging
over sub boxes of linear size of 1/8 of the full box. The mean value over all boxes
is by construction equal to the average over the full box shown in Fig. 1. The
standard deviation is more than two orders of magnitude larger, but still less than
10−4. It remains relatively constant over time in the EdS universe and decays during
Λ-domination in a LCDM universe.
perturbations and to the fact that on small scales, below about 1 Gpc/h, the
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Figure 3. We show the standard deviation of the dominant contribution, adδ/da,
to the linearised expression for (∆H/H)(u) for two different global box sizes in sub
boxes of 1/8th linear size, in an EdS universe and in a LCDM universe. For the small
sub-boxes of size 64 Mpc/h the backreaction can reach nearly 15%.
gravitational potential decreases rapidly so that the smaller box sees less overall power.
However, ∆H/H is also affected by a significant realization noise of up to a factor two
so that in any case the curves in Figs. 1 and 2 should be taken as indicating the order
of magnitude of the effect.
Interestingly, even though the backreaction in the full box, shown in Fig. 1, is much
smaller than the one in sub-boxes, it is time dependent and growing with time. It is
this backreaction that was studied in [49] in a plane symmetric relativistic and in a
post-Newtonian context. With our new 3D relativistic N -body setup we find a good
qualitative agreement with those previous results. For earlier perturbative calculations
see e.g. [50, 51].
In Fig. 3 we show the dominant contribution to Eq. (7), adδ¯/da, which governs
backreaction in a time slicing adapted to comoving gauge for sub-boxes of size 64 Mpc/h
(blue dotted and cyan dash-dotted) and 256 Mpc/h (red solid and magenta dashed) –
for the full box δ vanishes at first order. There is clearly a big difference between the
backreaction in the respective time slicings of Poisson gauge and comoving gauge. In
the latter backreaction could become order 15% in the sub-boxes of size 64 Mpc/h.
The smaller the box size the larger backreaction. On even smaller scales, where δ¯ > 1,
backreaction could become of order unity in this slicing.
4. Conclusions
The important message of this paper is that the backreaction in the expansion rate
depends on the choice of slicing. In order to answer the physically relevant question
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to which extent backreaction can bias our observations one should compute observables
or at least choose a slicing that can easily be related to observations. Cleary, given
a spacetime, observables can be computed in an arbitrary slicing, and the results will
be identical and independent of the coordinate system used. However, smoothing a
spacetime transforms it into a different one which has no fluctuations on the hypersurface
chosen to smooth over. The resulting spacetime depends of course on the choice of
the smoothing hypersurface. The interesting question is, how close an observable in
the fluctuating universe is to the smoothed one. We have not answered this question
here. However we have shown that in Poisson gauge the deviations from linear
perturbation theory in ∆H/H, which is however not an observable, remain small,
and at the same time the deformation of the light cone, which finally connects this
quantity to observables, is likewise small. This hints, that when smoothing over Poisson
gauge hypersurfaces, observables in the smoothed spacetime may remain close to the
fluctuating ones.
It is often argued that observers are made up of baryons and therefore comoving
synchronous gauge provides the correct slicing to use (neglecting velocity bias). However,
during the non-linear evolution of gravitational clustering, particles undergo shell
crossing and the comoving gauge breaks down. While we can consider the average
velocity field in each simulation cell, this does not in general lead to a well-defined
slicing as this coarse-grained velocity field has significant vorticity [52]. For this reason,
this gauge is not well suited for quantifying the observed backreaction in the late universe
when most of the matter is in the form of compact objects in highly random motion,
separated by vast stretches of empty space. Since the gravitational fields of these objects
are weak, quasi-Newtonian, Poisson gauge is ideally suited for studying the non-linear
evolution in this era. As we have shown here, in the time slicing of Poisson gauge
backreaction remains small, well below 1% for the Hubble parameter, at all times, and
for different sub-box sizes, for both EdS and LCDM cosmologies. This was expected from
theoretical considerations, see e.g. [53, 54], but we quantify this statement numerically.
It is important to note that in Newtonian gravity backreaction is a pure boundary
term [55, 56] and thus absent in Newtonian N-body simulations with periodic boundary
conditions. Although gevolution also uses periodic boundary conditions, it sees a non-
zero backreaction as it works with full general relativity in the weak-field regime. The
periodic boundary conditions however do impose the global constraint that the particle
number in the box is fixed. At first order this corresponds to a constant energy density
and hence, for our initial conditions, to a vanishing average spatial curvature R¯(3) = 0.
When we consider backreaction in the sub-boxes we no longer have this constraint, and
the periodicity of the boundary conditions is also removed. To the extent that the sub-
boxes evolve as separate universes, they are initialized with slightly varying cosmological
parameters, including some non-vanishing average spatial curvature. However, the
results shown in Fig. 2 can not be explained in this way since the effect of spatial
curvature would have a strong redshift dependence.
What remains to be done is to establish the relation to observables, as these do
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not really measure the H(z) of Poisson gauge. Observables are taken on our past light
cone, which defines yet another slicing of the spacetime we live in. In practice, a Hubble
diagram is constructed by measuring the luminosity distance DL(z) to (more precisely
the luminosity of) far away standard candles and using the relation (for Ωk = 0, for
Ωk 6= 0 this relation only holds for very small redshifts)
d/dz
[
(1 + z)−1DL(z)
]
= 1/H(z) .
The perturbations of the luminosity distance have been studied at first and second
order in perturbation theory [57, 58, 59, 60]. These studies strongly suggest that, once
the nonlinear evolution of matter has been solved non-perturbatively (e.g. by means
of relativistic N-body simulations like the ones presented here), the projection effects
relevant for the construction of observables can be added perturbatively within the
Poisson gauge (e.g. by means of ray tracing). There it has been found that the presence
of structure can lead to deviations in the best-fit value of H0 at the 1% level. Strong
lensing will also produce a few outliers, i.e. individual sources that are magnified or
demagnified by order-unity factors, but this effect can still be treated accurately with
N -body simulations and ray-tracing, and is included in the error budget when fitting
for H0.
The conclusion of this work is therefore that there are time slicings in which
the expansion rate is relatively close to what observers measure and in these slicings
backreaction is small. We used the example of Poisson gauge, but there would be others,
e.g. geodesic light cone gauge [61, 62]. However, comoving synchronous gauge is not
well suited to describe observations in the late time clumpy universe. In the respective
slicing backreaction becomes large and the gauge actually breaks down during structure
formation. Before this happens, light cone observables can of course still be worked out
in this gauge, see e.g. [63] for a relevant example. The projection effects are however
much more intricate in this case, as several large cancellations have to occur.
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